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12.1 Geometric Elements and Figures

We will study concepts and names of geometric elements ang
figures, a sometimes dreary pursuit but giving the necessary
preparation for more gratifying study, such as geomet;
construction (Section 12.3) and theorems (Section 12.4).

Points

A geometric point has no dimension — is void of quantity -
and therefore cannot be drawn as “just a point”. Thus, the
concept of a geometric point is axiomatic.

X A point is often represented by a small cross — signifying the
o intersection of two lines — or a small circlet.

Points associated with plane curves often have special names;
see, e.g., the definition of tangent, on page 388.

Gl A cusp is a double point on a curve where the curve has two
coincident tangents.

A cusp of the first kind is a point where the curve has a branch
on each side of the common tangent near the point of contact.

A cusp of the second kind is a point where the two parts of the

curve lie on the same side of the common tangent near the
point of contact.

A double cusp — or point of osculation — is a point where the
two brrilnches of the curve have a common tangent, each bran¢
extending in both directions of the tangent.

A node, or crunode, is a point where two branches of 2 cure
cross and have different tangents.

. . . d
Salient point Ata salllent Point two branches of the curve meet and stoP: =
have different tangents.

Node, Crunode

Y EVN
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A !ocus (;_)lural: loci) is a geometric figure f,
po%nts satisfy a given condition. For ingtg .
points in a plane at equal distance fromrlc
circle; the locus of all points in space withi
from a given point is a sphere.

r which all of its
e, the locus of all
given point is a
he same distance

Lines

| 2 I[

Transversal
Perpendicular

Latin, per, “through
pendere, “to weigh”
Crossing Line

Skew Line

Ray (Half-Line)
Origin
Curve, Are

Secant

Chorg

NU P4

5)

A moving point describes a line that h
: ‘ as only length, but
breadth. As with the point, the concept of a line js axigomat?c.no

We find ourselves with the slightly paradoxical truth that

. two nonparallel lines define a point
an

two points define a line;
in this sense points and lines are said to be dual elements, and

the intersection of lines to give points and the connection of
points to give lines are dual operations.

A straight line - usually called just a line — is the shortest
distance between two points. It may extend without limit, or be
a determinate straight line - also called a line segment —
which contains both of the endpoints and all points between
them; the length of the line segment is the distance between the
endpoints.

A succession of straight line segments is a broken line.

Two or more lines in the same plane are parallel lines if they
do not meet however far they extend.

A line that intersects two or more (often parallel) lines is a
transversal.

A line that meets another line at right angles is a
perpendicular, indicated by a small square in the angle.
Lines which lie in different planes and do not intersect each
other are crossing lines or skew lines.

A straight line issuing from an initial point, Oftel.l denoted O
for origin, is a ray or a half-line; a closed ray includes the
origin, an open ray does not.

A curve is any continuous image of a line or segment; an arc
a curve, as in an arc of a circle. Curves are

i tion of .
A ey can have straight sections.

usually curved, but th

i i i lled a secant; the
ioht line that intersects a curve 18 c'a : ; th
ga:r:; l::ghe secant contained between the points of intersection is

a chord.
tangent

secant H__v\/
7 hord

c
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388 Chapter 12 ELEMENTARY GLOMEZLILE

i j rve — a limit poe, .
ioht line that just touches a cu _ Positi,
As:::x;ilﬁ is a tangent; it has a double point of contagt \:r]itfthe
th

Tangent
curve.

point of inflection secant

tangent

A tangent to a curve in a point of in.ﬂecti(.)n ~ Where t},
changes its direction of curvature —1s an inflectjon tang,
it has three points in common with the curve (thege Notiop, n
best understood in the context of calculus, which Willa
discussed in later chapters).

A straight line at right angles to the tangent in jtg Point
contact with the curve is a perpendicular to the tangent andof
normal to the curve. a

Cun,e
Inflection Tangent t
)
Te
be

Perpendicular
Normal

Angles

2 A plane angle (Z£), or simply an angle, is formed by two rays
— sides or legs of the angle — which extend from a commop
point, the vertex of the angle.

Latin, vortex, “whirl”, “summit”,

“top of the head”
Angles have different names:
nulll straight full ang]
. g
anf e acute right  obtuse angle ——reflex angle or ;
angle angle angle ~ full circle
zero flat
angle angle

1
1
[}
[}
1
Il

1
! 1
! 1
! ]
1

C
'
|
]
el

-

00 ) 9° 180° 270° 360°
ra n/2 rad n rad 3 /2 rad 2nrad
Two angles with a leg in common are adjacent angles.
a
Complement

Supprl’eme::ai;yA?:nfles a0 angles whose sum g a right angle are complement”
e g )
gles angles; two angles whose sum js a straight angle are suPP e

mentary angleg:

- M
o
a
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A bisector i

8 a straight |j i fops
sl equal angjog ght line which divides ap angle into two

sl Two intersecting straight line

yertical angles; vertical angles are eq

8 form twg

pairs of vertical
ual.

a=¢qg'

B=p

vertical angles {

These angles are called vertical because each side of one is an
extension through the vertex of a side of the other.

A transversal which intersects a pair of parallel lines

produces many pairs of angles, some of which are equal, as
shown below:

a1 B1 ys & are exterior angles
i oy B y1. 68 are interior angles
a 1 - 3
: Y1 = 0g; 61 =0 are alternate interior angles
0 'y 1 = ¥Y2; B1 =09 are alternate exterior angles
@1=02; =Py } are corresponding angles
a2 N~z Y1 = Y; 61=25
72 ay=n; P1=208 :
) are opposite angles
ag = Y2; B2 =62

* %k

Joe was oyt hoeing beans when
fe notices smoKe from the hay
fuld, 5, grabbed two buckets
fom the shod and. via the edge
Ve imigation. ditch, took the
’ﬁiﬂftest way to the burning
may. Living ang working by the
Eﬂz’” “The shortest distance
fnge -0 points is a straight
' bow did g0 st s

COUTS ) ?

[Answer on page 391]
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- Chapter 12 ELEMENTART GLOMEIRY

Ellipses and Circles

Ellipses

An ellipse is a plane curve where the sum of the g;

. . ls
between two fixed points (the foci) and any POint ;Ialntc;:Ei

i i ; , F1and Fy are fix .
periphery 1s cqnstant, _below ; 1}1 e Zher | ed poing, - Pe
and P, are arbitrary points on the periphery: ;

Pl.
Py

q1'+q1" = q2'+q2"

An ellipse has two axes of symmetry, a maj Or axis, betweey, the
vertices of the ellipse, and a minor axis, which intersect 44 the

center of the ellipse:

vertex ./- vertex

L

focus focus

Major Axis
Minor Axis

The boundary of a figure in a plane is the perimeter. A curved
perimeter, such as is found in an ellipse, is called the

Periphery periphery.
Circumference The circumference is the length of a perimeter or periphery.

Perimeter

Circles

A circle is a plane curve that is the locus of all points in the
plane equidistant from a given point, the center of the circle.

Arc An arc of the circle is bounded by two distinct points on the
Periphery periphery.
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A secant ;
: Ofa Clrcle : .
cant in two ) 18 a straight line i
se¢ Points; a chord is the part of tlizt:eca t
nt withi

cpord
.- seter
pian® A tangent i
nt is a strai C §
ont p ; raight line which h
ok with the per iphery, and may b a5 a double point of contact
a secant. The tan May be regarded as the limit ositi
gadiv® circle at the poj gent is perpendicular to th position of
‘ at the point of contact. ¢ radius of the
A sector of the circle i
cle is bounded b s
Secf":nt arc; a segment is bounded by a Cgotgo radit and the included
S to'be opposite 1o the chord: rd and the arc subtending

gubtend® and mark off
/__segment
\

o gubtended by an Arc A central angle, 6, subtended by an arc, a, as shown below, is
an _a}ngle whose vertex is at the center and whose sides are
radii. The peripheral angle, y, subtended by the same arc a,

has half the measure of 6:

N
.
% )

The angle a subtended by a chord b has its vertex on the
sides are chords that together with & form

periphery and its two
wn below. Because « is the peripheral angle

a triangle as sho
measure is independent of where its vertex

for the arc B, its
falls in the complement of B.

Angle Subtended by a Chord

f:“’er to the haystack prob-
1 from page 389: To hit the
gtznt on the edge of the .
- Ofstwn ditch that gives the
aysteastktotal distance to the
mirmrc-’ Joe envisioned a
stack (t}image of the hay-
tlogeg € edge of the ditch
"mirmr”)to Joe being the
betyyogy, and a straight line
Mirpqy infggeeshed and the
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392 Chapte

Polygons

s ith three or more
§ , n is a plane figure wit 4 angle
L S A pnOIJ;gc;)es. It is bounded by a br?ken hn? fOrming : anq 3y
Hllc?se}:i curve, a circuit without self-intersections, S,
c ’ .

A diagonal is 2 straight line connecting two opposite Vertj,
€3,

gonfa, “angle”, from gény, “knee”

Diagonal

diagonals

Polygons are named after the number of sides or Vertice,

No. of Name No. of Name

siden sides

3 Triangle 9 Nonagon

4 Quadrilateral 10 Decagon
Tetragon

5 Pentagon 11 Undecagon

6 Hexagon 12 Dodecagon

7 Heptagon

8 Octagon n n-gon

In a regular polygon, all sides have the same length, and 4]
interior angles are equal.
In a convex polygon each interior angle is less than a flat

Regular Polygon

Convex
s T — angle (180°); a polygon is concave if an interior angle
exceeds 180°:
Convex Hexagon Concave Hexagon
Reentrant Angle The inward-pointing angle of the concave polygon is a re:
Salient Angle entrant angle; the other angles are salient angles.
Triangles
Greek, skalinds, “uneven” A triangle is a polygon with three sides. Every triangle is

Greek, iso-, “equal”, skélos, “leg” contained in a plane. If no two sides are equal, it is & scalen®
; :
iangl®

triapgle; . if two sides are equal, it is an isosceles trl
and if all sides are equal, it is an equilateral triangle.

£ b a

Scalene Triangle Triaﬂgle

Isosceles Triangle Equilalbel'il1
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Gree hlng und er

sstretc

Median

Height, Altitude
Normal, Perpendicular

Section 12.1 Qeo i 9
. metric Elements and Fi
gures 3 3

geesslela:{nzinor angle of a triangle is less than a right angle
W 1 an acute triangle; if one angle is greater than a
ght angle, we have an obtuse triangle. Acute and obt
trlang}es are called oblique triangles. A érian le a?;;h . 'uf]e
angle is called a right-angled triangle or a "ightg tr::ngle; right

N

Acute Triangle Right Triangle Obtuse Triangle

A right triangle with the sides of 3, 4, and 5 units is known as
an Egyptian triangle.
The two equal sides of an isosceles triangle are known as the

legs, the third side being the base. In a right triangle, the side
opposite the right angle is the hypotenuse, the other two sides

being the legs.

/
\e% N

hypotenuse

A median of a triangle is a straight line from a vertex to the
midpoint of the opposite side:

al2 al2
a

The height, or altitude, of a triangle is a normal, or perpen-
dicular, from a vertex to the opposite side or to its extension. In
the triangle ABC below, h, is the height from vertex A to the
extension of side @; h; is the height from vertex B to side b; and

h, is the height from vertex C to the extension of side c:

A
: b
ha,c hbf
™ /
. N >~ C
1 S, a ’
D' B N
R /
o« K,
V%
X
FARRN
/ ~
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Quadrilaterals

A quadrilateral is a polygon with four sides; othe,

l'lam
Quadrangle B quadrangle and tetragon. es, ]ess
C )

Tetragon A quadrilateral with no two sifles parallel jg j .
Trapezoid, T i traqpezoid in the UK, a trapez?lu.m (plural:.trapgzia) ; a ,
pezoid, Trapezium U.S.: if two sides are parallel, it is a trapeziun in th, Uthe
axid ;1 trapezoid in the U.S. K
The base of a trapezium or trapezoid is generally jtgq 1°ng
side, on which it is supposed to stand. If two sideg are paralleslt
height they are usually both called bases. s

¢ The height, or altitude, of a tra.pezium or trapezoiq i8 the
perpendicular from the highest point toward the base, qr the
distance between the two parallel bases.

The two nonparallel sides are called legs. If the legs are
equal length, we have an isosceles trapezium or trapezoig:

/X

Median A median, or midline, is a straight line segment joining the
midpoints of the nonparallel sides.

base

Leg
Isosceles Trapezoid

Parallelograms

A general parallelogram is g quadrilateral in which both
pairs of opposite sides are parallel.

Rhomboid Arhomboid is 5 parallelogram whose adjacent sides are
unequal:
b
@ a
b
Rhombus A thomboid with all sides equal is 4 rhombus (plural rhonb
a
a a
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A rectangle

g]e iS ar 2
et rectangle with al] giqer 104 Parallelograp,
ot tdes equal - a regy),, M; a square is a
b Quadrilateral:
4 a
a
| a a
b
a
* ¥ %

Ho
w would you construct q quadrilateraf thay
/2

midpoints of its adjacent sides, includes a parafiyi ) "8

i | logram?
nswer: fjasinok 10f Yooy pun ‘g, 0p 111 Jv193531pONp gy

Kites and Deltoids

Kites and deltoids are quadri
adrilat : .
equal in pairs, . erals whose adjacent sides are

a

kite deltoid

Kites and deltoids have mirror symmetry, as do rhombi.

Tiling i

The mathematical study of tiling (tessellation) is concerned 3
with how shapes can be placed to completely fill a plane or

space.
The only regular polygons that — one kind at a time — can tile
the plane are equilateral triangles, squares, and hexagons |
(cf. honeycombs and the crystal pattern of snowflakes, both
originally investigated by Kepler). !
\‘\ By allowing two or more types of regular polygo_ns to meet at {
\ each vertex but requiring the vertex configurations to be the
WYEY: same, you allow an additional nine tilings; two of these are
ML \/‘ g { \( {())V() (t mirro; images of each other. Allowing more general shapes '
’f-*.'(,“ AEVW‘((} \l )» ) L@ (3 ) leads to a wealth of possibilities. | o I
o e Wi in the plane and in space — forms a basis of active
ematical research with applications in
he study of chemical structure, and

¥ . , Tiling — in t!

!""/I‘/ J : "}'). ),\H' ¢ 2(\}2 and challenging math

% 1. graphics, networks, t
) geology.
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